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Nonequilibrium molecular dynamics simulations of a bubble
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Molecular dynamics simulations are performed to investigate the microscopic dynamics of a bubble when
liquids are locally heated. We successfully observe that the heated atoms scatter the neighboring nonheated
atoms and make a bubble, and then the bubble is cooled and compressed by the surrounding liquids. The
bubble dynamics in this process agrees with the results of the Rayleigh-Plesset equation which describes the
dynamics of a bubble in terms of macroscopic hydrodynamics. In this way, we clarify that the hydrodynamic
description is reliable even for a microscopic bubble.
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When liquids are locally heated to a temperature hig
than their boiling points, a phase transition occurs from
liquid to gas, i.e., a bubble is created. After the heating
stopped, the surrounding liquids compress the bubble
annihilate it. In order to investigate such bubble dynamics
hydrodynamic approach has been most frequently u
@1–3#. The equation to describe the expansion and cont
tion of a bubble in terms of hydrodynamics is the Rayleig
Plesset equation. Continuum hydrodynamics describes
behavior of fluids from a macroscopic point of view.

On the other hand, for the purpose of investigating
fluid behavior from a microscopic point of view, molecul
dynamics~MD! simulations of liquids are also performe
There are some papers that discuss the relation betwee
MD simulations and the hydrodynamic analysis. Howev
these studies focused on phenomena such as the Rayl
Bénard convection@4–6# and the flow pattern behind an ob
stacle@7,8#. There is no study that compared the MD sim
lations and the hydrodynamics on the time evolution o
bubble.

This paper presents the discussion of these two meth
used to study bubble dynamics. There are a few recent
pers that describe making bubbles by MD simulatio
@9–12#, however, a comparison of both methods was
done. We observed the atomic movement at the microsc
level during the entire process from the creation to the
tinction of a bubble. We also detect all stages of the bub
dynamics.

An outline of this paper is as follows. First, we descri
the MD simulation techniques for the bubble dynamics. S
ond, the MD simulation results are presented. We also p
vide a discussion in detail between our MD data and
hydrodynamic results using the Rayleigh-Plesset equat
Finally, our concluding remarks are presented.

In order to investigate the dynamics of a bubble, we p
formed MD simulations using the Lennard-Jones potent
In the following discussion, the length, the energy, and
mass are scaled in units of the Lennard-Jones diametes,
the minimum value of the potentiale, and the atom massm.

*Present address: Department of Theoretical Studies, Institut
Molecular Science, Okazaki, Aichi 444-8585, Japan. Electronic
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We used an asterisk (*) for the reduced quantities such
the reduced lengthr * 5r /s, the reduced temperatureT*
5kBT/e, the reduced pressureP* 5Ps3/e, the reduced
mass density r* 5rs3/m, and the reduced timet*
5tAe/ms2.

Constant pressure MD simulations were performed by
Andersen method under the following conditions@13#. The
number of particlesN was 16 875 with periodic boundar
conditions in the cubic unit cell. The equations of motio
were integrated by the sixth-order Gear’s predictor-correc
algorithm. The time step wasdt* 50.005. The cutoff radius
r c* was taken as 5.0. A cutoff correction was added for
pressure and potential energy.

The pressure was set atP* 50.076. The MD simulations
were performed at a temperatureT* 51.0 and a densityr*
50.71. The boiling point at this pressure isTb* 51.2 @14–
16#. During the MD simulations, we selected 80 atoms n
the center of the simulation cell and instantaneously hea
them toT* 511.0 fromT* 51.0 by velocity rescaling. As a
result, the temperature in the area of the heated atoms
much higher thanTb* . We then observed the atomic mov
ment over 3000 steps.

Figure 1 shows snapshots of the bubble. These snaps
show the atoms that are in a 10% slab of the simulation
in thickness. This figure shows that the heated atoms sc
the neighboring nonheated atoms and a bubble is crea
and then the bubble is cooled and compressed by the
rounding liquid.

We estimated the volume and the radius of the bubble
follows. First, all sides of the simulation cell were divide
into 12 sections, therefore, the simulation-cell volume w
divided into 123 small cubes. The side lengthDL* of the
small cube fluctuated between 2.39 and 2.41 during the c
stant pressure MD simulations. We calculated the den
average for each small cube over 50 time steps. This num
of time steps is much smaller than the time scale of
bubble dynamics (;1000 steps! and much larger than that o
the atomic dynamics (;10 steps!. We postulated that gas i
the region in which the average density in the small cube
less than the critical densityrc* 50.316 and the liquid is the
region in which the average density is greater thanrc* @17#.
We determined the bubble volume as the sum of the
region. The bubble is not exactly a sphere, however, it
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FIG. 1. Snapshots of the bubble. The heated atoms scatte
surrounding nonheated atoms and make a bubble, and then
bubble is compressed by the surrounding liquid.
ten

04530
proximates the spherical shape fairly well. We then cal
lated the bubble radiusR* from bubble volumeVbub* as

R* 5S 3

4p
Vbub* D 1/3

. ~1!

For the purpose of estimating the statistical accuracies,
performed MD simulations from 15 different initial cond
tions. The error bar was calculated by the standard devia
of each value ofR* from these different initial conditions.

The time development of the calculated bubble radius
shown in Fig. 2. This figure shows that the bubble imme
ately grows after the heating. The bubble has the maxim
sizeR* 53.5 att* 54.5 and disappears att* 59. The small
value ofR* after t* 59 comes from the density fluctuation
in the liquid. It does not imply the existence of sma
bubbles. The essentially importantR* value is only before
t* 59.

The Rayleigh-Plesset equation in an uncompressible
inviscid fluid, which is a hydrodynamic equation for descri
ing the expansion and the contraction of a bubble, is writ
as

R* R̈* 1
3

2
Ṙ* 25

1

r* H P* ~R* !2P*̀ 2
2S*

R* J , ~2!
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gh-
FIG. 2. The time development of the bubble radiusR* (t* ). The filled circle was calculated by the MD simulations. The dotted, so
and dashed lines were determined by the Rayleigh-Plesset equation forS*̀ 50.10,0.15,0.20, respectively. The initial radiuses of the Raylei
Plesset equation are~a! R* (0)50.10 and~b! R* (0)50.01.
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whereP* (R* ) is the pressure at the bubble surface andP*̀
is the pressure far from the bubble in the liquid andS* is the
surface tension of the bubble.

In such a small bubble, whose radius is a few times
atomic diameter, it is difficult to precisely determin
P* (R* ). In this paper, we estimated the number of ato
constituting the bubble surface and calculated the pres
contribution from these atoms. We use this pressure
P* (R* ). We employed two methods to choose the ato
constituting the surface.

In the first method, we chooseNs atoms near the center o
the MD simulation cell. We then computed the pressure fr
theseNs atoms as

P~R!5
r

3

1

Ns
(
i51

Ns

@mṙ i
21r i•F i#, ~3!

where the suffixi is in order of the length between the cent
of the cell and the coordinater i of the i th atom andF i indi-
cates the force of thei th atom. We used 80 forNs, since this
is the number of atoms forming the surface whose radiu
R* 53, because 4p/3(33223)'80.

We believe that the first method gives a reasonable e
mate of the pressure at the surface, since there are only a
atoms in the bubble as shown in Fig. 1. However, we e
ployed the second method to verify our result. In order
eliminate the effects of the atoms in the gas, we excluded
contribution ofNc atoms which were closest to the center
the simulation cell from the sum in Eq.~3! as

P~R!5
r

3

1

Ns2Nc
(

i5Nc11

Ns

@mṙ i
21r i•F i#. ~4!

We calculated this equation forNc53 and 10. Equation~3!
is equivalent to Eq.~4! in the limit of Nc50.

The time evolution ofP* (R* ) is shown in Fig. 3. The
difference in P* (R* ) among these values ofNc is very
small. It is only 6% at its maximum. The pressureP* (R* )
increases untilt* 50.04. This is because some accelera
atoms approach one another and the virial term beco
large. The pressureP* (R* ) then relaxes to the equilibrium
value.

The pressure far from the bubbleP*̀ is 0.076, which is
the pressure set in the constant pressure MD simulation

The surface tension is treated as a fitting parameter in
paper. It varies with the bubble radius. The shorter the rad
R* , the weaker the surface tensionS* @18#. In fact, it
smoothly varies, however, for simplicity, we approximat
the R* dependence ofS* using the following form:

S* 5H 0 ~0,R* <r 1* !

S*̀ /~r 2* 2r 1* ! ~r 1* ,R* <r 2* !

S*̀ ~r 2* ,R* !,

~5!

wherer 1* andr 2* are the typical distances at whichS* varies,
andS*̀ is the surface tension of the flat plane. According
Ref. @18#, r 1* andr 2* are on the order of 0.3–0.5 and 1.5–2.
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respectively. The surface tension is on the order ofS*̀
50.1–1.0 at theR* →` limit. We investigated whether the
Rayleigh-Plesset equation agrees with the MD simulati
using the reasonable values of these surface tensions. W
the three values ofS*̀ 50.10,0.15,0.20 and two pairs o
(r 1* ,r 2* )5(0.3,1.5),~0.5,2.0!.

In the Rayleigh-Plesset equation, the initial radiusR* (0)
must not be zero, since a bubble at zero initial radius can
grow. To estimate the initial size of the bubble we refer to t
size of the gap among the atoms in the equilibrium state.
evaluated by subtracting the atomic diameter, 1, from
average interatomic distance, 1/A3 r* , that is, (1/A3 r* 21)
50.1 in the reduced units. For the purpose of investigat
the R* (0) dependence ofR* (t* ), we also employed
R* (0)50.01 as well asR* (0)50.1. The time derivative of
the initial radiusṘ* (0) is set to zero. This is because th
radius does not change in the equilibrium state.

Figure 2 also showsR* (t* ) calculated by the Rayleigh
Plesset equation using the parameters described above.
figure indicates that the Rayleigh-Plesset equation ag
with the MD simulations within the error bars in these p
rameter variations. The parameters that do not cha
R* (t* ) very much areNc , R* (0), and (r 1* ,r 2* ). On the
other hand,R* (t* ) is sensitive to the surface tensionS*̀ at
R* →`. With increasingS*̀ , the bubble radiusR* (t* ) de-
creases. In the case ofS*̀ 50.15, the agreement between th
MD simulations and the hydrodynamic Rayleigh-Ples
equation is the best. Therefore, even for a microsco
bubble, whose radius is a few atomic diameters, it does
exhibit a singular behavior that cannot be described by
macroscopic hydrodynamics.

In conclusion, microscopic MD simulations were pe
formed to investigate the dynamics of a bubble. We succe

FIG. 3. Time development ofP* (R* ). Solid line: P* (R* ) for
Nc50. Dashed line:P* (R* ) for Nc53. Dotted line:P* (R* ) for
Nc510. Chain line: the pressure far from the bubble,P*̀ 50.076.
~a! The pressureP* (R* ) in the long time scale oft* 50 –15, ~b!
the pressureP* (R* ) in the short time scale oft* 50.0–1.0.
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fully observed that heated atoms scattered the neighbo
nonheated atoms and made a bubble, and then the bu
was compressed. We compared this bubble dynamics to
Rayleigh-Plesset equation which describes the expansion
contraction of a bubble in terms of macroscopic hydrod
namics. Good agreement was obtained by choosing the
propriate parameters. In this way, we clarified that the hyd
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dynamic description is reliable even for a microscop
bubble.
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